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Notation and Basic Facts

We consider the one-dimensional, binary cellular automata (CA) on finite

lattices with periodic boundary conditions. We assume that the size of the

neighbourhood extends over a distance r from a cell being considered, known as

the range or radius of the neighbourhood, if every node depends on 2r + 1

neighbors, we define:

A local transition function (LTF): f: {0,1}>+! — {0,1}.

A global transition function: F = (f,..,f;) : {0,1}2+1 — {0, 1}>*! with
£ LTF, i€ {1,...L}.

Fixed Point: is a configuration Y € {0,1}2"+! such that F(Y) =Y.
Limit Cycle: is a sequence of configurations x%...xP~1, p > 1, such that:
-x) € {0,1}?>*1 and the x/ are pairwise distinct.

-F(xd) =xt1¥j=0,...,p—2.

-F(xP~1) = xO.
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Notation Meaning
1~ (07) T ={1}" (0* ={0}%)
Number of occurrences of w in the configuration x with
periodic boundary, where x,w € {0,1}*. E.g., if x = 10100
IX]w and w =01
then |x|w =2
[x]1 (Ixlo) Number of 1s (0s) in the configuration x
[x] The size of configuration x, i.e., x| = |x]o + |x|1
San Sa= |J {01}
n>2r+1
Sodd Sodd = U o1
n>2r+1, nodd
Seven Seven = U {o1

n>2r+1, neven




Notation and Basic Facts

Classification Problem (CP)
m Density Classification Problem
m Parity Classification Problem — ParCP

CP: CA study that have only fixed points 0 and 1.

m CA of radiusr =1

m CA of radiusr =15

m Analysis of the CP (r=1.5)
m Recognisable Languages

References

«4O0>» «Fr «E>» «

v



eorch of Classification Problem (CP)
Franlems
dim::seional
Cellular
Automata

Fabiola Lobos We define a Classification Problem (CP) as a 5-tuple (S, P, Q, Ap, Ag),
consisting of

A definition set S C {0,1}*

Classification A property set P C S
Problem (CP) P -
., The complementary property set Q = S\P (i.e.,, S=PUQ)
ensity
Seeciieriion The classification sets Ap C P and Ag C Q
Parity
Classification with the goal of deciding whether there exists a CA A of radius r and periodic
ParCP boundary conditions, such that

(a) If x € P, then x should converge to an arbitrary u € Ap
(b) If x € Q, then x should converge to an arbitrary v € Ag

R e for all x € S, with |x| > |2r + 1], and where the elements of Ap and Ag must
1@\ i be attractors of the CA A (i.e., limit cycles or fixed points). If such a CA exists,
15 we say that the CP has solution.

Analysis of the

CP (
Recognisable
Languages
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earch of Density Classification Problem
Classification
Problems in

one
dimensional . . . .
Cellular The CA performing the Density Problem should converge to a fixed point of all
Automata 1's if the initial configuration contains more 1's than 0's, and to a fixed point of
Fabiola Lobos all 0’s if the initial configuration contains more 0's than 1's. This is:
Density Classification Problem — DCP
S = Sodd
DCP P:{Xesodd:|x‘1>‘x|o}
Denety Q = Sodd\P = {x € Soqa : |x|1 < |x|o}
g'rzsbsli::‘m"" Ap =1"N Spq9 and Ag = 0" N Spy
Parity
Ig\aa%sifwcatwon In [7] it shown that no one-dimensional, binary elementary cellular automaton
ParCP which classifies binary strings according to their densities of 1's and O's can be

constructed. But with a pair of elementary rules, namely the “traffic rule” 184
and the “majority rule” 232, performs the task perfectly.

Example
CA of radius r
1
CA of radius 110011011 010011010
Analysis of the
CP (r=1 5)l * *
Recognisable 111111111 000000000

Languages
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Parity Classification Problem — ParCP

We consider the parity problem: if the initial configuration contains an odd
number of 1s, the lattice should converge to all 1s; otherwise, it should converge
to all Os.

S = Sodd

P ={x € Soud : |x|1 is odd}

Q = Sodd\P = {x € Souq : |x|1 is even}
Ap =1*N Spq9 and Ag = 0% N Spy

ParCP :

In [3] it was proven there exists no radius 1 y 2 rule that can solve the parity
problem from arbitrary initial configurations.

In [3] it was designed a radius 4 rule that solves the problem of parity

Whether or not there exists a radius 3 rule that solves the parity problem remains

an open problem.

Example

010010010 010011010

\ f

111111111 000000000
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. . -
In this section we study the CP that only have fixed points 0 and
initial configuration, i.e.

S =S

CP1:

A property set P C S

The complementary property set Q = S\P (i.e., S=PUQ)
Ap =1"N S, and Ag = 0" NS,y

We consider CA of radius r =1 and r = 1.5.
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To determine the CP1 first we give some basic propositions to be satisfies.

Proposition 3.1

If f solve the clasification problem (CP1), then f(0,0---,0) =0 and
£(1,1---,1) = L.

Proposition 3.2

If f solve the CP1, then for any configuration X ¢ {0, 1}, F(X) # X, i.e. X is
not fixed point.

Proof. Let X ¢ {0, 1}, if F(X) = X = F2(X) = F(X) = X = FP(X) = X,

Vp € Z7T, therefore the CA converges to X &€ {6), ?}

Proposition 3.3

If f solve the CP1, then for any configuration X & {ﬁ, ?} it has no limit cycle.
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CAofradiusr =1

The function f : {0,1}® — {0, 1} such that

t+1 t t t
X; T = F(G1s XT ) Xi41)

it will be called an elementary cellular automata. In [10] rule lists the 22° = 256
possible choices of f. Only 88 of these rules are discussed, since the remaining are
equivalent to any of these. 24 of the 88 rules satisfy Property 3.1. Of these, we
remove all rules that does not meet Properties 3.2 and 3.3. Two of these rules
finally converge only to 6) and 1, these are:

1.- f(x1,x2,Xx3) = x1%2%3

2.~ f(x1,x2,%3) = x1x2

Notation: : We denote by X the initial configuration and
Xt =F{(X%) =Fo--.0F(X%
N———

Proposition 3.4

If f(x1, X2, X3) = x1X2X3, X1, %2, x3 € {0,1} then any CA of lattice size n > 3 with
periodic boundary conditions converges to 8 v X0 £ _1> If X0 = ? the CA
converges to 1.



. — .

Nortrifee] Proof. Let X? # 1 then X° contains at least one 0
search of

Classification

Problems in X0 =% % 0 % % % x

one

dimensional = X1 =x000 % * %
Cellular

Automata :}XIZOOOOO**

Fabiola Lobos

Hence 0 is inc_r;eased and so the CA converges to ? If X0 = T} the CA
converges to 1 for Property 3.1.

Proposition 3.5

Density

Slassification If f(x1,x2,X3) = x1x2, X1, %2,x3 € {0,1} then any CA ofsife> n > 3 with periodic
CIL. Ec;)undary conditions converges to 0, ¥ X° # 1. IfX 0 = 1" the CA converges to
Problem

ParCP 1

— .
Proof. Let X? # 1 then X° contains at least one 0

X0 =% % 0 % * % %
CA of radius r = 1
1 X! —

= % * EIE

CA of radius r = 00
15 1
Analysis of the = X'=% x 000 % x*
CP (r=1.5)
Recognisable
Languages

Hence 0 is inc_r)eased and so the CA converges to ? If X0 = ? the CA
converges to 1 for Property 3.1.
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earch of CA of radiusr = 1.5
Classification
Problems in

one
dimensional

Cellular We study the CA with local transition function f : {0,1}* — {0, 1} defined by
Automata
; 1
Fabiola Lobos Xit+ — f(Xit—27 Xit—17 Xit’ Xit+1)‘

There exist 21© = 65536 possible options for f.

We want to determine all the CA that meeting the CP1 for all lattice size. To

Density find these CP1, criteria are presented and therefore we discard the CA that does
i not meet these conditions.

Parity

CFBL&\f\cat\on ..

Problem Remark: By Proposition 3.1 we remove all the CA such that f(0,0,0,0) =1 and

ParCP

f(1,1,1,1) = 0. Rules that satisfies the Proposition 3.1 are 16384.

In the following we will consider only the CA that satisfies the Proposition 3.1.

By Proposition 3.2 we remove the CA of lattice size n = 4,5,6,7 that F(X) = X,

CA of radius r S5

;Aofradiusr: VXE{O,].}“\{O, 1}

15

Analysis of the Example: If X° = 1000 we remove the CA that satisfies X* = 1000, i.e. the
S configurations such that £(1,0,0,0) =0 A £(0,0,0,1) =0 A (0,0,1,0) =1 A

LEIEES f(0,1,0,0) = 0. 1024 of the 16384 rules were eliminated by criterion.



Numerical
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Classification Prop05|t|0n 36

Problems in

et Consider a CA of lattice size n. If XP = x1xox3 . .. xn and XPL = xox3 ... xnx1,
Cellular then the CA has limit cycle.

Automata

0 did )
Fabiola Lobos Proof. Let X € { 0 ’ 1 }v such that:

X0 = x50 ... xa AXY = X0 .. xox1 :>X2:X3...X,,X1X2

= X3 = X4 .. . XpX1X2X3

Density
Classification
Problem

Parity
Classification = X" = xox1 .. Xp—1

Problem

ParCP

= X"=x1x0...Xn

N — therefore the CA has the limit cycle.
1

4 of radivs r = We remove the CA of lattice size n = 4,5, 6,7 such that satisfies the Proposition

g™ 3.6 (with X0 ¢ {?7 ?})

Recognisable

e Example: If X0 = 1000 we remove the CA that satisfies X1 = 0100, i.e. the
configurations such that £(1,0,0,0) =0 A f(0,0,0,1) =0 A f(0,0,1,0) =0 A
f(0,1,0,0) = 1.
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Analysis of the CP (r=1.5)

From the proposals mentioned above and the development of algorithms, it came
to 138 rules (functions) candidates for classification problems. We analyze 69 of
these rules, since the others are equivalent to these.

. g — —
Through the following propositions we test the convergence to 0 and 1 of most
rules found.

Proposition 3.7

If f(0,a,b,c) =0 A f(d,_?,e, f)=0,V a,b,c,d, e fe{0,1} then any CA of
size n > 4 converges to 0,V X0 # ?

Proof. Let X° #1,ie. XO it contains at least one 0, then
X0 =%0 % x x %

= X!
= X2

* % 00 * %

* x x000

Therefore the number of zeros increases in each time step, so the CA converges
to O in less than n iterations.

Remark: The rules that satisfies the proposition 3.7 are: 32768, 49152, 40960,
57344, 36864, 53248, 45056, 61440.
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Proposition 3.8

If£(0,a,b,c) =0 A f(d,e,0,1) =0 A £(1,0,f,0) =0 A f(g,0,0,h) =0,
YV a,b,c,d,e, f,g,h € {0,1} then any CA of lattice size n, n > 4 converges to
0, vXO£T.

Proof. Suppose X ¢ {?,?} i.e. X0 It contains at least 01,

XO=% % 01 % % % %%
= X!= 0 % 0 % % * %, then f(0,a,b,c) =0 Af(d,e,0,1)=0
= X?=% % %00 % 0 % %, then f(%,0,f,0)=0
= X3=% %% %000 % 0

\
*
*

Therefore the number of zeros increases in each time step, so the CA converges
— . . .
to 0 in less than n iterations.
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Remark: The rules that satisfies the Proposition 3.8 are: 34816, 51200, 38912,
5529.

Proposition 3.9

If f(a,b,a,b) =1 A f(0,0,c,d) =0 A f(e,0,0,f) =0 A f(0,1,1,g) =0 A
f(h,0,1,1) =0 A £(i,j,0,0) =0,V a,b,c,d, e, f, g, h,i,j € {0,1} y a# b then
any CA of odd lattice sized n, n > 4 converges to?, v X0 £ ? If n is wide
lattice size, then the CA converges to ? X0 ¢ {_1>7 012 }, otherwise

(X° e {_1>,01g}) the CA converges to T.



Proof.

Suppose that X° ¢ {?, _1>} odd lattice sized ni.e. XO contains at least yxx with y, x € {0, 1},
x # y. For this we have two cases:

Numerical
search of
Classification
Problems in

one Case 1
dimensional o
Cellular X" =% % 100 % % % * %

Auicmaty = X'= % % %000 % x x %, £(0,0,c,d) =0 A Ff(e,0,0,f) =0 A £(i,j,0,0) =0

Fabiola Lob
aplola obos = X?=% % 0000 * xx, £(0,0,c,d) =0 A f(e,0,0,f) =0 A f(i,j,0,0) =0

—
Then 0 is increasing, therefore the CA converges to 0 .

Case 2
Density XO:**OII*****
Classification
peen = X =% % %00 % % % %, f(h0,1,1) =0 Af(e,0,0,f) =0
Classif
S el = X?=% % %000 * % x %, f(0,0,c,d)=0 Af(e,0,0,f) =0 A F(i,j,0,0) =0
ParCP
= X3=% % x0000 * * *, f(0,0,c,d)=0 Af(e0,0,f)=0 Af(i,j0,0)=0
Then 0 is increasing, therefore the CA converges to 0 .
0 5 7 012 . L ) 0 ) )
CA of radius r — Let X° ¢ {0, 1,012} of W|de_La;tt|ce size n, i.e. X~ contains at least yxx with y, x € {0, 1},
1 x # y, then the CA converges to 0 by the above proof.
CA of radius r =
1.5 0 n
Analysis of the If X0 = 012 with n even, this is
CP (r=1.5)
Recognisable x% = 010101010101 - - -
Languages
= x* = 1111111111 - -

Thus the CA converges to _1>
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Remark: The rules that satisfies the proposition 3.9 are: 33824, 50208,42016, 58400, 37920, 54304,46112,
62496.

Proposition 3.10
Iff(a, b,0,c) =0 A f(d,0,e,f) =0V a,b,c,d,e, f € {0,1} then any CA of lattice size n, n > 4

converges to 3) v X0 # _1)

Remark: The rules that satisfies the proposition 3.10 are: 32768, 49152, 32896, 49280, 32832, 49216, 32960,
49344,

Proposition 3.11
Iff(a,0,b,c) =0 A f(d,e,1,0) =0 A f(0,f,0,g) =0V a,b,c,d,e, f,g € {0,1} then any CA of

— —
lattice size n, n > 4 converges to 0, V 540 # 1.

Remark: The rules that satisfies the proposition 3.11 are: 32768, 40960, 36864, 45056, 32896, 41088, 36992,
45184.

Proposition 3.12

IF£(0,0,a,b) =0 A f(d,e,1,0) =0 A f(f, g,0,1) =0 A f(g,0,i,0) =0 A £(0,/,0, k) =0 A
f(/,0,0,m) =0V a,b,c,d, e, f,g, h,i,j, k,I,m € {0,1} then any CA of lattice size n, n > 4
converges to 3) v x° # 1.

Remark: The rules that satisfies the proposition 3.12 are: 32768, 36864, 34816, 38912, 32896, 36992, 34944,
39040.
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Proposition 3.13

Iff(a,0,0,b) =0 A f(1,0,c,d) =0 A f(0,1,e,f) =0 A f(0,8,0,h) =0 A f(i,0,,0) =0
V a, b,c,d,e, f,g € {0,1} then any CA of lattice size n, n > 4 converges to 6), v Xx° # ?

Remark: The rules that satisfies the Proposition 3.13 are: 32768, 49152, 40960, 57344, 36864, 53248,
45056, 61440, 32776, 49160, 40968, 57352, 36872, 53256, 45064, 61448.

Proposition 3.14

If f(a,0,0,b) =0 A £(0,0,c,d) =0 A f(e,1,1,0) =0 A £(1,1,0,1) = 0 A (0, 1,0,

V a,b,c,d,e, f,g € {0,1} then any CA of odd lattice size n, n > 4 converges to 6), v
n

odd then the CA converges to T for XO &Z {_1), 012}.

Remark: The rules that satisfies the Proposition 3.14 are: 32768, 36864, 34816, 38912, 32896, 36992,
34944, 39040, 33824, 37920, 35872, 39968, 33952, 38048, 36000, 40096.

Proposition 3.15

Iff(a,0,0,b) =0 A f(c,d,1,0) =0 A f(e, f,0,1) =0 A £(0,g,0,h) =0
V a,b,c,d,e, f,g, h € {0,1} then any CA of lattice size n, n > 4 converges to ?, v X0 # _1)

Remark: The rules that satisfies the Proposition 3.15 are: 32768, 36864, 34816, 38912, 32896, 36992,

34944, 39040, 32776, 36872, 34824, 38920, 32904, 37000, 34952, 39048.
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Proposition 3.16

If f(a,0,0,b) =0 A £(0,1,c,d) =0 A f(e, f,0,1) = 0 A £(0,g,0, h) =0 A £(i,0,],0)
-
0,

0
—

YV a,b,c,d, e, f,g, hi,j € {0,1} then any CA of lattice size n, n > 4 converges to v x° # 1.

Remark: The rules that satisfies the Proposition 3.16 are: 32768 49152 36864 53248 34816 51200 38912
55296 32776 49160 36872 53256 34824 51208 38920 55304.

Proposition 3.17

Iff(a,0,0,b) =0 A f(0,1,1,¢c) =0 A f(d,e,0,0) =0 A f(0,f,g,0) =0 A f(1,0,1,1) =0
V a,b,c,d,e, f,g, h,i,j € {0,1} then any CA of lattice size n, n > 4 converges to _0) v X0 # _1>

Remark: The rules that satisfies the proposition 3.17 are: 32768 49152 40960 57344 33824 50208 42016
58400 32776 49160 40968 57352 33832 50216 42024 58408

Proposition 3.18

If f(a,0,0,b) =0 A f(c,d,0,0) =0 A £(0,e,f,0) =0 A £(1,1,0,g) =0 A f(h,1,1,0) =0

V a,b,c,d,e, f,g, h € {0,1} then any CA of odd lattice size n, n > 4 converges to 3) v x° # _1) If n
n

is even, then the CA converges to ? 540 Z {_1>, 012 }.

Remark: The rules that satisfies the proposition 3.18 are: 32768, 34816, 32896, 34944, 33824, 35872, 33952

36000, 32776, 34824, 32904, 34952, 33832, 35880, 33960, 36008.
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Proposition 3.19

If f(x1, X2, X3, Xa) = x1xpX3X4 + Xx1X2X3X4 + X3X2, this is (0,0, a, b) =0 A f(c,0,0,d) =0 A
f(e,1,1,f) =1 A f(g,0,h,0) =0 A £(0,i,0,)) = 0 (rule 59584) then any CA of lattice size n, n > 4

with X° containing 00 Vv 010 converges to 0, otherwise the CA converges to _1)

Proof. Suppose that X9 contains 00. Thus

X0 =500 % **

= X *000 * x*

= X>=%0000=*

= X2=%00000

That is, 0 is increasing, therefore the CA converges to _0)
Suppose that X9 contains 010. Thus

XO=%010 % *

= X' =% % 00 % x

Here we are in the previous case, thus the CA converges to ?

Suppose that X0 does not contains the two Os together (00) and it does not contains 1 isolated 010, then
X9 it contains expressions of the form 1111, 1110, 1101, 1011, 0111 , 0110 and

f(1,1,1,1) = f(1,1,1,0) = f(1,1,0,1) = f(1,0,1,1) = £(0,1,1,1) = £(0, 1, 1, 0) = 1, therefore, the
CA conveges to 1.



Neighbor Zeros Classification Problem—NzCP
S= Sall

NzCP - P = {x € S. : x contains 00 V 010}

Q = S./\P = {x € Sa : x does not contains 00 A 010}
Ap =0"N S, and Ag = 1" N Sy

By Proposition 3.19 we have the NzCP has a solution for all CA radius r = 1.5.

The NzCP verifies the closing property.
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Proposition 3.20

If f-(Xl,Xz,Xg7 X4) = x3x4 + Xox3X4 + X1x2X3, that is 1‘-(].7 1,a, b) =1A
f(c,1,1,d) =1 A f(e,f,1,1) =1 A f(g,0,0,h) =0 (rule 63688) then any CA
of lattice size n, n > 4 with X° containing 11 converges to 1. Conversely, if X°
does not contains 11 the CA converges to 0 .

Proof. Suppose that X° contains 11 then

X0 =% x %11 % x
=X =% % x111%
= X2 =% % %1111

. . L. —
Then in this case 1 is increased, therefore the CA converges to 1.

Suppose that X° does not contains 11 then X© It contains only expressions of the
form 0000, 1001, 1010, 0101, 1000, 0001 and
f(0,0,0,0) = f(1,0,0,1) = f(1,0,1,0) = f(0,1,0,1) = f(1,0,0,0) =

£(0,0,1,0) = £(0,1,0,0) = £(0,0,0,1) = 0, Therefore X! = 0.



Clustered 1s Classification Problem—C1CP
S= Sall

C1CP : P = {x € Sa : x contains 11}

Q = S.\P = {x € Sa : x does not contains 11}
Ap =1" NSy and Ag =0 N S,y

By Proposition 3.20 we have the C1CP has a solution for all CA radius r = 1.5.

The C1CP verifies the closing property.
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There were four recognisable languages identified by this CA

(r=1.5)
0,1}0 — 0
{0,1}*{010,00} — 0
(0,1}*{11} — 1T

{0,11*0 —>_§> n odd
0121 — 1, n even

«O>» «4F»r « =>»

<
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