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MAYORÍA BI-DIMENSIONAL CON SIGNOS

x 2 {�1, 1}n
2

au,v 2 {�1, 1}

N [v] = {v, vn, vs, ve, vw}

(vecindad von Neuman)
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A = (au,v)u,v2Z2,

(FA(x))v =

⇢
1 if

P
u2N(v) au,vxu > 0,

�1 otherwise



Prediction(   ) 

Input: A periodic configuration x and a site v. 
Question: Does there exists T>0 such that

3

A

(FT
A (x))v = 1

COMPLEJIDAD COMPUTACIONAL
au,v 2 {�1, 1}A = (au,v)u,v2Z2 ,

PSPACE-Hard  
(Intrínsecamente-Universal)

P-Hard  
(Turing-Universal)

NC1-HardCircuitos monótonos 
 planos

Circuitos planos

Circuitos monótonos  
planos re-utilizables

“Capacidad de simulación 
de circuitos”

Cota inferior de la 
 complejidad 
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10 On the complexity of planar threshold dynamics

(a) A wire is constantly blinking (left top) and transmits a signal by being consumed (left bottom).
A turn (center left). An obstructor prevents a signal (center). A multiplier (center right). These
gadgets can straightforwardly be composed to simulate a wiring toolkit W . Plus a diode (right).

⇥

(b) OR (left), AND (center) and FUSIBLE (right, with a distinguished cell) gates. These gates
have a particular feature: the four sides are undi�erentiated inputs/outputs. For example, the AND
gates waits for any two signals to arrive, and then sends a signal to the two remaining sides. One
can easily transform them into classical gates using diodes.

Figure 2 F1 simulates planar monotone layer-synchronous dynamical circuit.
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where B denotes a connection to some background elements which are guaranteed to
stay in state ≠1 forever.

I Theorem 14. The non-uniform symmetric signed majority cellular automaton can sim-
ulate {AND,OR,CROSS} circuitry. It is therefore Turing-universal and has a P-complete
prediction problem. However, it cannot simulate {AND,OR} circuitry in a re-usable way
and it is not intrinsically universal.

6 Conclusion

This paper gives new hardness and universality results for the class of signed majority
cellular automata. Apart from their use in various models arising in physics, they proved
to be an interesting class of cellular automata to illustrate di�erent level of complexity and

Mayoría está en P y es NC1-Hard
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Existe una matriz     simétrica (i.e                     ),  
tal que Prediction(       ) es P-Completo (Turing-Universal)

au,v = av,uA
FA

A FA

CASO NO UNIFORME (MOTIVACIÓN?)

34 On the complexity of planar threshold dynamics

J Proof of Theorem 14

I Theorem. The non-uniform symmetric signed majority cellular automaton can simulate
{AND,OR,CROSS} circuitry. It is therefore Turing-universal and has a P-complete predic-
tion problem. However, it cannot simulate {AND,OR} circuitry in a re-usable way because
it is not intrinsically universal.

Proof. Figure 17 presents the elements required to apply Proposition 7. As in the asymmet-
ric case, the CROSS gate is constructed using (¬west)And(north) and (west)And(¬north)
gadgets.

+ + + + +

+ + + + +

+ + + + +

+ + + + +

+ + + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + + +

≠ ≠ ≠ ≠ ≠

≠ ≠ ≠ ≠ ≠

+ + + + +

+ + + + +

+ + + + +

+ + + + +

+ + + + +

+ + + + +

+ ≠ ≠ +

+ ≠ ≠ +

+ ≠ + +

+ + + +

+ + + +

+ + + + +

+ + + ≠ ≠

+ + ≠ ≠ ≠

+ + + + +

(a) WIRE
n,s

and WIRE
n,e

gadgets. Notice that these gadgets can be turned to be used as WIRE
s,w

or W ire

e,n

. Moreover, they can trivially be transformed into any other wire.
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(b) AND gate, OR gate and (¬west)And(north) gadgets. Inputs are from north and west, and
outputs to east.

Figure 17 Gadgets for the nonuniform symmetric case. The state 1 (resp. ≠1) is represented
as a gray (resp. white) cell. The sign in the edges and into the nodes represent the signs of the
corresponding edges in the sign matrix. Thicker nodes are highlighted because they convey the
information flow. A MULTIPLY gadget can be constructed by rotating an OR gate. Like in the
uniform asymmetric case, the CROSS gadget can be constructed using the (¬west)And(north)
gate, which can be trivially rotated to be transformed into a (west)And(¬north) gate.

J

Existe una matriz     para la cual Prediction(      )  es  
PSPACE-Completo (Intrínsecamente-Universal)



SI ES UN AUTOMATA…
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A ! WA = (C,N, S,E,O) 2 {�1, 1}5

WA = (1, 1,�1,�1, 1)
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SI ES UN AUTOMATA…
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Hay 32 reglas, que se reducen a 12 salvo rotación. 

E. Goles, P. Montealegre, K. Perrot and G. Theyssier 23

F Proof of Lemma 9

There are 32 possible sign vectors, hence 32 di�erent usmca. However, from those 32
usmca only 12 are di�erent up to rotation. We subdivide these 12 usmca into the following
three groups, according to the symmetries of the sign matrix W = (wuv)u,vœZ2 . We say that
a usmca is symmetric if W is a symmetric matrix, i.e. wuv = wvu for each pair of cells u, v.
By the other hand, we say that a usmca is antisymmetric if W satisfies that wuv = ≠wvu

for each pair of cells u, v. When the usmca is neither symmetric nor antisymmetric, we say
that it is asymmetric. There are six Symmetric, two Antisymmetric, and four Asymmetric
usmca, shown in Figures 7, 8 and 9, respectively.

Name Sign vector Group
F1 (+1, +1, +1, +1, +1) Symmetric
F 2 (≠1, ≠1, ≠1, ≠1, ≠1) Symmetric
F2 (+1, ≠1, ≠1, ≠1, ≠1) Symmetric
F 2 (≠1, +1, +1, +1, +1) Symmetric
F3 (+1, ≠1, +1, ≠1, +1) Symmetric
F 3 (≠1, +1, ≠1, +1, ≠1) Symmetric
F4 (+1, +1, ≠1, ≠1, +1) Antisymmetric
F 4 (≠1, ≠1, +1, +1, ≠1) Antisymmetric
F5 (+1, +1, ≠1, +1, +1) Asymmetric
F 5 (≠1, ≠1, +1, ≠1, ≠1) Asymmetric
F6 (+1, ≠1, ≠1, ≠1, +1) Asymmetric
F 6 (≠1, +1, +1, +1, ≠1) Asymmetric
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Figure 7 The six Symmetric usmca are called, from left to right in the first line F1, F2, F3 and
F 1, F 2, F 3 in the second line.
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Figure 8 The Antisymmetric usmca are called from left to right: F4 and F 4.

I Lemma. Let F be a symmetric (resp. antisymmetric, resp. asymmetric) usmcathen F
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Figure 9 The four Asymmetric usmca are called F5, F6 (in the top line) and F 5, F 6 (in the
bottom line).

is equivalent to F
1

(resp. F
4

, resp. F
5

): they can simulate circuits with the same sets of
gates under the same mode.

Proof. Let – : {≠1, 1}Z2 æ {≠1, 1}Z2 be defined as –(x) = ≠x. We begin showing that
for every i œ {1, 2, 3, 4, 5, 6}, any configuration x œ {≠1, 1}Z2 and any t Ø 0, we have that
F t

i = –t ¶F
t

i. Indeed, notice that if W is the sign matrix of rule Fi and W is the sign matrix
of rule F i, then W = ≠W . This implies that for every v œ Z2

ÿ

uœN(v)

wuvxu = ≠
ÿ

uœN(v)

(≠wuv)xu ∆ Fi(x) = ≠F i(x)

and inductively,
q

uœN(v)

wuv(F t
i (x))u =

q
uœN(v)

wuv · [(≠1)t · (F t
i (x))u]

= (≠1)t+1

q
uœN(v)

(≠wuv) · (F t

i(x))u

∆ F t+1

i (x) = (≠1)t+1F
t+1

i (x) = –t+1(F i(x)).

Consider now the function — : {≠1, 1}Z2 æ {≠1, 1}Z2 such that

—(x)
(i,j)

=
; ≠x

(i,j)

if i + j is even,
x

(i,j)

if i + j is odd.

Then F t
1

= — ¶ F t
2

¶ — and F
t

1

= — ¶ F
t

2

¶ —. Indeed, let W = (wuv)u,vœZ2 be the sign
matrix of F

1

(respectively F
1

) and W Õ = (wÕ
uv)u,vœZ2 be the sign matrix of F

2

(respectively
F

2

). Notice that every u ”= v we have that wuv = ≠wÕ
uv. Then for every v = (i, j) œ Z2 if

we write

ÿ

uœN(v)

wuvxu =

Y
____]

____[

≠
S

U
ÿ

uœN(v),u ”=v

(≠wuv) · xu + wvv(≠xv)

T

V if i + j is even,
ÿ

uœN(v),u ”=v

(≠wuv) · (≠xu) + wvvxv if i + j is odd.

we obtain F
1

(x) = —((F
2

(—(x))) and F
1

(x) = —((F
2

(—(x))). Since — ¶ — = id, then for any
t Ø 0, F t

1

= — ¶ F t
2

¶ — and F
t

1

= — ¶ F
t

2

¶ —.
Consider finally the function “ : {≠1, 1}Z2 æ {≠1, 1}Z2 such that

“(x)
(i,j)

=
; ≠x

(i,j)

if i is even
x

(i,j)

if i is odd
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Simétricas 
NC1-Hard, en P,  
Ciclos de largo a lo más 2 

Anti-simétricas 
? (en PSPACE) 
Puede tener ciclos 
de largo n2

Asimétricas  
P-Hard, en PSPACE,  
Puede tener ciclos  
super-poly 



Y SI NO ES MAYORÍA…
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Las equivalencias entre casos uniformes simétricos, antisimétricos y 
asimétricos son válidas. 

Caso “AND-NOT”: 

Existe una matriz     antisimétrica (no uniforme) para la cual  
Prediction(      )  es PSPACE-Completo  
(Intrínsecamente-Universal)

A

FA

(FA(x))v =

⇢
1 if

P
u2N(v) au,vxu = 5

�1 otherwise


