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Boolean Networks

N = (GF ,F , s), Boolean Network.

GF = (V ,A) a digraph.

V a set of n elements.

F : {0, 1}n → {0, 1}n, global activation function, with interaction
digraph GF .

fv (x) := F (x)v , ∀v ∈ V , local activation functions.
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Update Schedule

s : V → {1, . . . , n}, function.

s(V ) = {1}, parallel.

s(V ) = {1, . . . , n}, sequential.

s(V ) = {1, . . . ,m}, 1 < m < n,
block-sequential.
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Iteration

Given x = (xv )v∈V ∈ {0, 1}n, the (k + 1)-iteration of x by F
according to s is given by:

xk+1
v = fv (x luu : u ∈ V )

Where:

lu =

{
k if s(v) ≤ s(u)

k + 1 if s(v) > s(u)
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Dynamical Behavior

We can define f sv (x) = fv (g s
v ,u(x) : u ∈ V )

Where:

g s
v ,u(x) =

{
xu if s(v) ≤ s(u)

f su (x) if s(v) > s(u)

F s is the dynamical behavior of N = (F , s).
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Limit Behavior

Fixed point: x ∈ {0, 1}n : F s(x) = x

Limit Cycles: C =
[
xk
]p
k=0

, xk ∈ {0, 1}n, p > 1:

xk+1 = F s(xk) ∧ xp ≡ x0

LC (N): set of limit cycles of N.
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Update Digraph

Given a Boolean network (F , s), we define the associated labeled digraph
GF
s = (GF , labs), called update digraph, where labs : A(GF )→ {	,⊕} is

defined as:

labs(u, v) =

{
⊕ if s(u) ≥ s(v)

	 if s(u) < s(v)

Example:

12

3 4

⊕

	

	

	

⊕ ⊕

s(i) = i , ∀i ∈ {1, . . . , n}.
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Update Digraph

Remark

It was proven in (Salinas, L., 2008. Estudio de modelos discretos:
estructura y dinámica, PhD thesis. Universidad de Chile, Santiago,
Chile), that if two different updates schedules have the same
update digraph, then they also have the same dynamical behavior.

Equivalence classes

s1 ∼GF s2 ⇐⇒ [s1]GF = [s2]GF ⇐⇒ GF
s1

= GF
s2
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Parallel Operator

Given an update digraph Glab = (G , lab), with G = (V ,A), we
define the operator P as P(Glab) = (V ′,A′), where V ′ = V and
(u, v) ∈ A′ if and only if:

i.- (u, v) ∈ A and lab(u, v) = ⊕ or,

ii.- there exists w ∈ V such that (w , v) ∈ A, lab(w , v) = 	 and
(u,w) ∈ A′.

Remark: GF s
is a sub-digraph of P(GF

s ), and in the case of OR
functions they are equal.
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Example

GF
s
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⊕ ⊕

f1(x) = x1 ∧ x4

f2(x) = x1 ∨ x4

f3(x) = x2

f4(x) = x3

s = {1} {2} {3} {4}
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(
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)
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f s1 (x) = x1 ∧ x4

f s2 (x) = x4
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Non-Primitive Update Digraph problem (NPUD)

Given G a digraph. Does there exists an integer 2 ≤ k ≤ g(G ) and
lab: A(G ) → {⊕,	} such that Glab is an update digraph and
each cycle in Glab has a multiple of k ⊕-labeled arcs?
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LCE

LIMIT CYCLE EXISTENCE PROBLEM (LCE)

Given F : {0, 1}n → {0, 1}n. Does there exist an update schedule s
such that LC (F , s) 6= ∅?

OR LCE

Given F : {0, 1}n → {0, 1}n an OR function. Does there exist an
update schedule s such that LC (F , s) 6= ∅?
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Theorem

AND-OR LCE is NP-hard.

Theorem

SYMMETRIC LCE is NP-Hard.

Proposition

SYMMETRIC AND-OR LCE is polynomial.
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Known

Theorem (Jarrah et al. (2010))

Let F be an OR function and let us consider N = (F , sp), where
sp is the parallel update schedule.

1 If GF is strongly connected then:

LC (N) = ∅ if and only if GF is primitive.

2 If GF is not strongly connected then:

LC (N) = ∅ if and only if GF is primitive or it does not have
cycles.

Definition: GF is primitive if and only if ρ
(
GF
)

= 1, where ρ
(
GF
)

is defined as the greatest common divisor of the lengths of the
cycles of G .
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OR LCE

Lemma

Given an update digraph Glab. Then, every circuit in Glab produce a
circuit in P(Glab) with length the number of the ⊕-labeled arcs of
it. Conversely, every circuit in P(Glab) comes from a circuit in Glab

with a number of ⊕-labeled arcs equal to the length of the cycle.
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Proof: (Idea)
Glab P (Glab)
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· · ·

vn−1 vn
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· · ·

vn−1 vn
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Proposition

Let N = (F , s) be an OR network with strongly connected GF .
Then, LC (N) 6= ∅ if and only if there exists a number
2 ≤ k ≤ g(GF ), such that each cycle in GF

s has a multiple of k
⊕-labeled arcs.

Remark: the condition each cycle in GF
s has a multiple of k

⊕-labeled arcs is equivalent to ρ(P(GF
s )) = k
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Non-Primitive Update Digraph problem (NPUD)

Given G a digraph. Does there exists an integer 2 ≤ k ≤ g(G ) and
lab: A(G ) → {⊕,	} such that Glab is an update digraph and
each cycle in Glab has a multiple of k ⊕-labeled arcs?
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NPUD

Theorem

OR LCE and NPUD are equivalent problems in strongly connected
digraphs.

Remark: In non strongly connected digraphs, it is sufficient to solve
NPUD in a sole strongly connected component to have a solution
for OR LCE.
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Remark

Each condition of the problem:

Glab is an update digraph,

each cycle in Glab has a multiple of k ⊕-labeled arcs,

can be solved independently in polynomial time.
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NPUD

Lemma

If G is a non strongly connected digraph, then NPUD has a
solution in G if and only if it has a solution in every strongly
connected component of G .
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Proposition

Let Glab be an update digraph with G strongly connected. Then,
ρ (P (Glab)) = k > 1 if and only if there exists a partition of V ,
{V1, . . . ,Vk}, such that:

i) For each
(u, v) ∈ A(G ), u ∈ Vi , v ∈ Vj : lab(u, v) = 	 =⇒ i = j .

ii) For each (u, v) ∈ A(G ) such that lab(u, v) = ⊕, then there
exists i ∈ {1, . . . , k} such that u ∈ Vi and v ∈ Vi+1.
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Bang-Jensen and Gutin (2007)
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NPUD

Corollary

Let be G an strongly connected digraph. Then, NPUD has a
solution in G if and only if there exist a partition V1, V2 of V such
that Glab is an update digraph, where the label function lab is
defined as:

∀(u, v) ∈ A(G ) : lab(u, v) =

{
	 if u, v ∈ Vi , i ∈ {1, 2}
⊕ if u ∈ Vi , v ∈ V \ Vi , i ∈ {1, 2}

Remark: If such a partition exists, then G [V1] and G [V2] are
acyclic. Therefore, V1 and V2 form an acyclic 2-partitioning of V
(Nobibon et al., (2010)).
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Glab′ P (Glab′)
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NPUD

Algorithm that solves NPUD (2-partition version, non
polynomial).

Forbidden configuration approach.
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NPUD

Open problem

Complexity.
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